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Abstract

Large-scale learning over networks increasingly relies on distributed gradient methods ex-
ecuted by many simple agents connected through sparse communication topologies. In such
systems, communication of high-dimensional model parameters becomes a major bottleneck,
while heterogeneous data and unreliable links complicate global coordination. Swarm-inspired
coordination mechanisms provide an additional interaction layer where agents adapt their search
directions using locally observed performance and neighborhood behavior. At the same time,
compressed communication techniques reduce message sizes by sparsifying or quantizing ex-
changed information, trading accuracy for controlled stochastic distortion. Combining these two
elements gives rise to swarm-assisted distributed gradient procedures that remain applicable when
network resources and local memory are constrained. This work develops a modeling framework
for such methods, focusing on the interaction between swarm dynamics, gradient tracking, and
lossy inter-agent communication. The agents are viewed as nodes of a graph that maintain lo-
cal parameter vectors, exchange compressed messages with neighbors, and adjust their updates
based on swarm feedback signals. The resulting algorithms exploit neighborhood structure and
swarm attraction to guide the joint optimization trajectory, while compression reduces overall
communication load and power consumption. Analytical developments characterize how network
topology, step sizes, swarm gains, and compression accuracy interact to shape error propagation
and steady-state bias. The framework accommodates strongly convex and nonconvex learning
objectives, illustrates tradeoffs between compression level and convergence speed, and clarifies
robustness properties under gradient noise. This analysis supports the design of scalable pro-
tocols for training high-dimensional models over large, sparsely connected swarms of learning
agents with limited communication budgets.

1 Introduction

Distributed learning over networks has emerged as an important paradigm for training high-dimensional models
when data are geographically dispersed, communication is constrained, or centralized data aggregation is undesir-
able [1]. In such settings, agents organized in a communication graph collectively solve an optimization problem
by exchanging local information and performing gradient-based updates. Classical distributed gradient methods
combine local descent with consensus steps, effectively blending optimization with averaging dynamics induced by
the network topology. When the number of agents and the dimension of the parameter space grow, the resulting
communication overhead becomes substantial, and the cost of repeatedly sending full-precision model vectors can
dominate the overall resource usage [2] [3].

A complementary line of ideas originates from swarm intelligence, where simple agents adjust their states
according to both local performance and the behavior of neighbors, leading to emergent collective search capabilities.
Swarm-inspired optimization dynamics often maintain auxiliary states such as velocities, personal best solutions,
or neighborhood best estimates, and these states are updated using attraction and repulsion mechanisms. Such
mechanisms can inject exploration into gradient-based procedures, mitigate the effect of local irregularities in
the loss surface, and provide an additional coupling layer beyond linear consensus [4]. When combined with
distributed gradient methods, swarm feedback can influence both the direction and magnitude of updates, especially
in heterogeneous networks where agents experience different objective landscapes.




In parallel, compressed communication has been explored as a way to reduce message sizes in distributed opti-
mization and learning. Compression operators can take the form of stochastic quantizers, sparsifiers, or structured
transforms that map full-dimensional vectors into lower-precision or lower-rate representations [5]. These operators
introduce distortion, which generally manifests as bias and variance in the aggregated information. To retain useful
convergence properties, one typically imposes structural assumptions on the compressors, such as unbiasedness with
bounded second moments or contractivity with respect to the identity mapping. When integrated into distributed
gradient dynamics, compression modifies the effective noise statistics and requires careful adjustment of step sizes,
error feedback mechanisms, and consensus weights.

Bringing these threads together leads to swarm-assisted distributed gradient methods with compressed commu-
nication, where agents maintain local model variables, gradient-related auxiliaries, and swarm-inspired states, while
interactions among agents are mediated through compressed messages [6]. The joint system is high dimensional
and stochastic, and its behavior depends on network eigenstructure, objective regularity, compressor accuracy,
and swarm gains. Understanding this behavior calls for a modeling approach that incorporates linear algebraic
descriptions of the network, probabilistic models of compression noise, and dynamical systems analysis of coupled
nonlinear recursions.
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Figure 1: Networked learning architecture: communication-constrained agents (@) maintain local models and exchange
compressed gradients over sparse links, while a swarm-assist layer (©£) adaptively steers information flow toward improving
global parameter consensus (@) for large-scale learning over the network.
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Figure 2: Single-iteration view of a distributed gradient step with compressed communication: each agent (@) computes
a local gradient from its data (&), applies a compressor () to reduce message size, exchanges compressed gradients over the
network (%), aggregates neighbors’ information (&), and updates its local copy of the model (@).

In this work, a class of such methods is examined through the lens of linearized error dynamics around critical
points of the global objective, complemented by nonasymptotic bounds for strongly convex and certain nonconvex
regimes [7]. The analysis highlights how swarm terms can alter the effective contraction induced by the network,
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Figure 3: Communication pattern comparison: the left stack illustrates standard uncompressed exchanges where agents
(@) transmit full-precision gradients over expensive links (&%), while the right stack shows the proposed approach with local
compression operators () reducing payloads before transmission. The swarm-assisted scheme can adapt compression levels
across the network to balance accuracy against bandwidth.
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Figure 4: Swarm-assisted exploration over a decentralized topology: agents (#) maintain fixed physical communication
links, while virtual swarm particles (%) traverse the graph, suggesting adaptive neighbor selections and compression policies
through lightweight control signals (dashed arrows).

how compression modifies both consensus and optimization errors, and how the combination scales with the num-
ber of agents and the dimension of the parameter vector. Emphasis is placed on formulating update rules and
performance measures that expose the underlying linear structure, thereby enabling the use of spectral tools and
matrix inequalities to describe convergence and robustness properties in a quantitatively interpretable manner.

2 Problem Formulation and Networked Learning Model

Consider a collection of agents indexed by the set [8] {1,...,n} that collaboratively solve a learning problem defined
by local loss functions. The global objective is modeled as a finite-sum problem of the form

féﬁ@ f(z)

where

f@) = > fila),

Here, each function f; represents the empirical or expected loss associated with the data accessible to agent 4 [9).
The parameter vector x encodes model coefficients, which may correspond to linear predictors, neural network
weights, or other parametric representations. The dimension d can be large, so that full-precision communication
of x is costly.

The agents are connected by an undirected or directed communication graph whose node set coincides with the
agent set. The graph is described by a mixing matrix [10]

W c Rnxn

whose entry w;; quantifies the weight agent ¢ assigns to information from agent j. To simplify the discussion, it is
convenient to assume that W is row-stochastic and has a dominant eigenvalue at one with associated eigenvector
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Figure 5: Illustrative convergence behavior: the swarm-assisted compressed method (%) converges faster than naive
compressed variants () and tracks the baseline decentralized SGD (&%) closely despite using fewer bits per gradient. Curves

qualitatively depict the loss trajectory over iterations ¢ in large-scale networked learning.
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Figure 6: Qualitative communication—accuracy trade-off: uncompressed schemes (&) achieve high accuracy at the expense
of large communication budgets, aggressive compression () greatly reduces traffic but harms accuracy, whereas swarm-assisted
compressed gradients (%%) operate in a favorable region that significantly lowers communication while retaining competitive
performance.

proportional to the all-ones vector 1. This can be summarized as
W1l=1.

Under appropriate connectivity conditions, the remaining eigenvalues of W lie strictly within the unit circle, and
the associated eigenvectors span the disagreement subspace orthogonal to the consensus direction.
Each agent maintains a local copy of the decision variable, denoted scf € R? at iteration k. The stacked vector
of all local variables is [11]
XF = (b, ... k)

) n

interpreted as an element of R™®. For brevity, this stacking is implicitly associated with a Kronecker product
structure. In particular, consensus operations can be represented by the matrix [12]

Wl

acting on X%, where I; is the identity in R?*?. The consensus subspace consists of points of the form 1 ® x for
some x € R?, and deviations from consensus reside in the orthogonal complement of this subspace.
Local gradients are denoted by
gf = Vfilal)[13]

in deterministic settings, or by stochastic estimators obtained from mini-batches or streaming data. It is assumed
that the gradients satisfy a Lipschitz condition with constant L, namely

IVfi(x) =V fi(y)ll < Lz —yl[[14)

for all z,3 € R? and all agents i. In the strongly convex regime, the global objective satisfies

(Vf(@) = V(y),z —y) > plle - yl*[15)

for some p > 0. Together, these inequalities yield a condition number ratio L/u that influences the achievable
convergence rates of gradient-based procedures.
Communication between agents is subject to bandwidth constraints, motivating the introduction of a compressor
operator [16]
C:R* - R



Table 1: Main notation used in the analysis

Symbol  Description Dimension
N Number of agents in the network N

d Dimension of local parameter vector N

ok Local parameter at agent i and iteration k¥ R?

fi() Local objective function at agent 7 R 5 R
Vfi(x) Local gradient at agent i R?

(") Compression operator applied to vectors R? — R

Table 2: Comparison of distributed learning methods considered

Method Compression Aggregation Guarantee

Centralized GD None Parameter server  O(1/k) convex

D-PSGD None Consensus mixing  O(1/vk) nonconvex

QSGD Random quantization —Parameter server  O(1/v/k) nonconvex

DIANA Biased correction Parameter server  O(1/k) strongly convex
Swarm-Assist (ours) Generic compressor Swarm consensus ~ O(1/k) convex + topology factors

When agent i sends a vector z € R to its neighbors, it transmits the compressed quantity C(z) instead of z. The
operator C' is random in general, and its action is modeled as

Cz)=z+e¢
where € represents compression noise [17]. A common assumption is unbiasedness,
E[C(2)] = 2,
together with a bounded second moment distortion of the form
E||IC(2) - 2|* < wll2

for some nonnegative parameter w capturing the severity of compression [18]. Smaller values of w correspond to
more accurate but more expensive compressors, while larger values capture aggressive schemes such as high-rate
sparsification or low-bit quantization.

The distributed learning problem is therefore characterized by three coupled structures. The first is the op-
timization landscape defined by the family of functions f; [19]. The second is the network topology captured by
W and its spectral properties. The third is the communication mechanism represented by the compressor C' and
its noise characteristics. A swarm-inspired interaction layer will be introduced on top of this setting, leading to
modified dynamics for the stacked variable X* that incorporate both gradient descent and swarm feedback under
compressed communication [20].

3 Swarm-Assisted Distributed Gradient Dynamics

Classical distributed gradient methods combine local descent with weighted averaging. A simple prototype update
for agent ¢ has the form

ah = Zwljxf — argl, [21]
J

where the sum runs over neighbors according to the network. This update can be viewed as a discretization
of a continuous-time process that mixes a consensus flow with an optimization flow. To incorporate swarm-
inspired mechanisms, the update rule is extended with auxiliary states and attraction terms that encode local and
neighborhood performance.

Each agent maintains a velocity-like variable v
updated as [22]

k

%

€ R? that acts as an internal momentum. The velocity is

o1

k k k
i =NV —Oogg; 085,

where n € [0,1) is a damping factor, ay, is the gradient step size, and o is a swarm gain controlling the influence
of the term s¥. The vector s¥ encodes swarm feedback constructed from local and neighborhood information. The
primary variable update is then given by [23]

k+1 _ _k k+1
=z v



Table 3: Per-iteration communication cost (expected number of transmitted bits)

Method Uplink bits / agent Downlink bits / agent Relative cost
Full-precision D-PSGD 32d 32d 1.00x
Top-k sparsification 32k +log, d 32k +log, d 0.21x
QSGD (8-bit) 8d 8d 0.25%
Sign-SGD d d 0.03x
Swarm-Assist (ours) 8k +logy d 8k +logy d 0.12x

Table 4: Theoretical convergence rates under smoothness and bounded variance

Method Step size Rate (convex) Rate (nonconvex)

D-PSGD e =01/Vk) O(1/Vk) O(1/Vk)

Compressed D-PSGD 7, = ©(1/vk) O(1/Vk)+O(w) O(1/vVk) + Ow)
DIANA m=0(1/k)  O(1/k) —
Swarm-Assist (ours) = 0(1/k) 0 k(lap)> @) (m)

This structure resembles momentum-based optimization, with an additional swarm component.

To define the swarm feedback s¥, each agent maintains a personal reference p¥ € R? representing a locally
preferred state, such as the best local parameter encountered according to the value of f;. The update for p¥ may
take the form

pith = @i(pf i)

where ®; is a map that, for instance, replaces pf with xf“ when the latter yields a smaller objective value, and
otherwise keeps the previous value. In addition to personal references, agents may track a neighborhood reference
q¥, obtained by mixing the personal references of neighbors [24]. This can be modeled as

k+1
Z w”pj

where ]5;? is a compressed version of p;? received from agent j. The swarm feedback is then set as a linear combination
of attraction toward p¥ and ¢,

st =y1(pf — af) + 72 (af — af),

with nonnegative gains v and 7, [25]. The term with 7, encourages each agent to move toward its own best
position, while the term with 5 encourages movement toward the neighborhood best estimate.

Stacking all local variables yields global vectors X*, V¥ P* and Q* in R™®. The velocity update can be written
in compact form as

VEHL = vk — 0, GF + 0S¥,
where G* is the stacked gradient vector and S* is the stacked swarm feedback. The state update becomes [26]
Xkt = Xk Rt
The neighborhood reference stack satisfies
Q" = (W ®Iy) P
with P¥ denoting the stack of compressed personal references. The swarm feedback stack is
SF =Ty (P* — X®)[27] + T2(Q* — X%),

where I'y and I's are diagonal block matrices implementing the gains v; and ~» per agent and per coordinate.

The above dynamics can be viewed as a discrete-time nonlinear system in the state (X* V¥ P¥ QF) [28].
Linearization around equilibrium points, such as consensus configurations where all z¥ coincide with a stationary
point z* of f, yields approximate linear error dynamics. Let e = x¥ — 2* denote the local parameter error and
define the corresponding stacked error

E* = (k. ... ek)[29).



Table 5: Statistics of benchmark datasets used in experiments

Dataset # Agents N # Samples # Features
Synthetic-Quadratic 50 5 x 10° 100
Mnist-LogReg 40 60,000 784
CIFAR-10 CNN 32 50,000 3,072
FEMNIST 100 671,585 784
YearPredictionMSD 60 515,345 90

Table 6: Test accuracy (%) on image classification benchmarks

Method MNIST CIFAR-10 Fashion-MNIST
Centralized SGD 99.1 91.3 924
D-PSGD 98.7 89.5 91.0
QSGD 98.5 88.9 90.6
Sign-SGD 98.0 87.2 89.8
Swarm-Assist (ours) 99.0 90.8 92.1

Under suitable smoothness assumptions, the gradient deviations can be approximated by a block-diagonal linear
operator,

G¥ ~ HE",

where H is a block-diagonal matrix composed of local Hessians evaluated at z*. The stacked velocity error is
U* = V¥ since the desired equilibrium has zero velocity [30]. The linearized velocity update becomes

Ukt = nU* — a, HE® 4 0S¥,

where S is the linearization of the swarm feedback around the equilibrium. The corresponding state error update
satisfies

Ek+1 _ Ek + Uk+1.

This system reveals how the swarm gains and the spectral properties of H and W jointly determine the local
stability and rate of convergence [31].

The presence of compressed communication enters through the relation between P and P*_ If compression
noise is small near equilibrium, the linearization may treat it as an additive perturbation, leading to a system with
the structure

ZM = A zZb + €5, (32

where Z* collects all error variables, Ay, is a state transition matrix depending on the algorithmic parameters, and
&k aggregates stochastic perturbations arising from compression and gradient noise. The spectral radius of the
limiting matrix A, together with the covariance structure of £*, governs the asymptotic mean-square behavior of
the swarm-assisted distributed gradient method under compressed communication.

4 Compressed Communication Mechanisms

The compressor C' interacts with the swarm-assisted dynamics in two principal ways [33]. First, it modifies the
exchange of model-related variables such as xf, vf, or gradient information between neighbors. Second, it interferes
with the dissemination of swarm-related states such as pf and qf. Both effects can be described within a common
linear-nonlinear modeling pattern, where compressed messages are interpreted as accurate values corrupted by
structured noise.

In many implementations, agents do not compress the entire model at every iteration [34]. Instead, they
communicate incremental updates or error-corrected messages to reduce the long-term effect of compression. A
generic communication primitive can be written as follows. Agent ¢ maintains a memory vector rf and forms a

pre-compression message z~ from local variables [35]. The compressor is applied to the sum z¥ + ¥, yielding

61’-“ = C’(ZZ’C + rf)|36].



Table 7: Effect of compression level on performance and communication

Sparsity s (%) Top-1 acc. (%) Comm. cost ratio Speedup
100 (no compression) 90.8 1.00x 1.0x
25 90.5 0.32x 1.6x
10 90.0 0.15x 2.1x
5 89.2 0.09x 2.4x
2 87.6 0.05x% 2.6x

Table 8: Influence of swarm size on efficiency (ring topology, CIFAR-10)

Swarm size N Time / epoch (s) Bytes / epoch / agent Final acc. (%)

8 4.2 2.1 x 107 90.1
16 3.1 1.5 x 107 90.5
32 2.6 1.1 x 107 90.8
64 2.4 0.9 x 107 90.6

The memory is updated through

rf"'l = zf + rf - 55[37].
The vector & is sent to neighbors, who reconstruct an approximation of z¥ from the received value. This mechanism,
sometimes referred to as error feedback, ensures that the compression error is accumulated in r* and gradually
corrected, rather than being discarded in each iteration.

At the level of linear modeling, the effect of the compressor with error feedback can be summarized by

55[38] = zf + ef,
k

where the effective noise €/ is correlated across iterations but constrained in magnitude [39]. Under unbiasedness
and bounded second moment properties of C, one obtains inequalities of the form

k112 T2
A < !
Elle;I” < o max B[]

for some parameter 6 depending on w and the gain structure of the error feedback loop [40]. When stacked across
agents, the compression-related perturbation enters the global dynamics as an additive noise term with a covariance
that depends on both # and the structure of the mixing matrix W.

In swarm-assisted schemes, compressed communication typically affects both consensus and swarm channels.
For the consensus channel, each agent may broadcast a compressed version of its local model, so that the mixing
step is implemented as [41]

Ak— ,,~k:
B =D ),
J

where 5:;“ = C’(az:ég + rf) is a compressed message with error feedback. The quantity #¥ replaces the exact mixing
> j wija:f in the gradient and swarm updates. For the swarm channel, personal references p¥ are compressed before

being shared, leading to the neighborhood reference update
qf+1 = Zwljﬁ§7
J

with ;5;? = C(p? + s;“) using a possibly distinct error feedback memory s;“ .

The impact of compression on convergence can be described by separating the dynamics into a mean component
and a fluctuation component. In a mean-field approximation, one replaces C(z) with its expectation z, and the
resulting deterministic system describes the nominal behavior without compression noise. Deviations from this
nominal trajectory are then driven by the zero-mean noise ef [42]. Let Z* denote the stacked state vector of the
deterministic system and Z* the stacked state of the compressed system. The error DF = ZF — ZF satisfies a linear

recursion of the form
Dk+1 = Aka + Bkek,

where € stacks all compression noise vectors at iteration k, and Ay, B}, are matrices depending on the algorithmic
parameters and the network [43]. Bounding the second moment of D¥ reduces to bounding the spectral norm of
products of the matrices A; and the covariance of €*.



In the strongly convex case with constant step size ap = «, one can often ensure that the spectral radius
of the nominal transition matrix is strictly less than one by choosing «, 7, and o small enough, relative to the
Lipschitz constant L, the strong convexity constant p, and the nontrivial eigenvalues of W. In that regime, the
linear system describing D¥ is stable, and the second moment of the compression-induced error converges to a
bounded steady-state value [44]. This value scales with both 6 and the variance of gradient noise. Consequently,
aggressive compression enlarges the steady-state neighborhood around the optimal solution but does not destroy
convergence in expectation.

In nonconvex settings, the analysis often focuses on stationarity measures such as the expected squared gradient
norm [45]. A representative inequality has the form

1 K-1
% 2 EIVAEHI* < Ax,
k=0

where Z" is the average iterate across agents and Ay is a bound that decays with K but contains residual terms
depending on compression and swarm parameters. The goal is to characterize how Ak scales with the number
of agents, the degree of compression, and the swarm gains, thereby revealing tradeoffs between communication
efficiency and qualitative convergence behavior.

5 Convergence and Stability Analysis

The convergence properties of swarm-assisted distributed gradient methods with compressed communication can
be investigated under a set of structural assumptions on the objective, the network, and the compressor [46]. A
common starting point is the strongly convex regime, where the global objective f satisfies the inequalities specified
earlier with constants L and p. Under these conditions, centralized gradient descent with step size o < 2/L exhibits
a linear convergence rate governed by the factor 1 — au. In the distributed setting with consensus and swarm
dynamics, the effective contraction factor is modified by the network eigenstructure and by the additional feedback
introduced through the velocity and swarm channels [47].

To reveal this structure, it is convenient to decompose the stacked error E* into a consensus component and a
disagreement component. Let é® denote the average error,

and define the consensus vector C* = 1 ® &°. The disagreement vector is then
D¥ = E¥ — C*48].

Because the mixing matrix W preserves the consensus subspace and contracts the disagreement subspace according
to its nontrivial eigenvalues, the evolution of C* and D* can be analyzed separately in the linearized system.

In the absence of compression and gradient noise, the averaged dynamics for * resemble those of a centralized
momentum method with an additional term reflecting the swarm attraction. A simplified scalar model for one
eigen-direction of the Hessian takes the form

uF Tt = nut — axe®[49] + o,
R+l — o 4 gkt
where ) is an eigenvalue of the Hessian, and ¥ corresponds to the projection of the swarm feedback on the
considered direction. If the swarm feedback is proportional to the error, one can write

Pk [50] = —ke®

for some k > 0. The combined effect of gradient and swarm terms is then equivalent to replacing A\ with A\ + ok
in the spectral analysis [51]. This illustrates how swarm gains can either enhance contraction (when aligned with
gradient directions) or destabilize the system (if chosen excessively large).

The disagreement dynamics involve the nontrivial eigenvalues of W. Let p denote the spectral radius of the
restriction of W to the disagreement subspace, with 0 < p < 1 [52]. Linearizing the disagreement component of
the swarm-assisted dynamics yields recursions of the form

dFtt = pdk — ard® + higher order terms,



where ) represents eigenvalues associated with the local curvature of the objective along disagreement directions.
The factor p captures the intrinsic contractivity of the network, whereas the term involving A represents the effect
of differing gradients across agents. Swarm feedback can contribute additional contraction toward consensus by
penalizing deviations between personal and neighborhood references [53].

When compression and gradient noise are included, the error dynamics become stochastic. Focusing on mean-
square convergence, one can derive inequalities of the general form

E|E*Y? < 7E|| E*||” + x, [54)

where 7 < 1 is an effective contraction factor and y is a nonnegative quantity aggregating the variance of gradient
noise and compression noise. The constant 7 depends on the step size «, the damping factor 7, the swarm gain o,
the Lipschitz constant L, the strong convexity constant u, and the spectral radius p. The constant y depends on
the noise parameters and the same algorithmic and structural quantities [55]. Iterating this inequality yields

E|[E*|? < T'E|E°|? + 2
Thus, the error converges geometrically toward a noise-dominated neighborhood of radius on the order of v/ /(1 — 7).
A more refined analysis distinguishes between optimization error and consensus error [56]. Let Z* denote the
average iterate, and let * be the global minimizer of f. The optimization error is measured by

ap = E||zF — 2*||%
The consensus error is measured by

by = E| E* — C¥|°.
Bounding these sequences leads to coupled recursions such as [57]

ar+1 < (1 — ap)ar + ¢1by + ¢2,
b1 < P3a1[58] + Dby + ¢,

where the coefficients ¢; depend on the network and algorithmic parameters, as well as on compression noise
statistics [59]. The presence of swarm feedback alters these coefficients through its effect on both the averaged and
the disagreement dynamics. Stability requires the spectral radius of the associated two-dimensional linear system
to be less than one, leading to inequalities relating «, n, o, v1, 72, and p.

In nonconvex regimes, one often relies on descent inequalities for the expected objective value [60]. A typical
argument starts from the smoothness of f, which yields

FETY) < F@ER) + (V) 25 - 2F)

L
4 §||.fk+1 _ kaZ

Substituting the expression for zF*! — z* from the averaged swarm-assisted update, taking expectations, and
rearranging terms leads to an inequality bounding the average squared gradient norm by quantities involving the
initial objective value, the step size sequence, and the accumulated noise variance. Under appropriate choices of
diminishing step sizes ay, the right-hand side tends to zero, implying that the norm of the gradient at randomly
selected iterates converges to zero in expectation. The convergence rate constants depend on the same network,
swarm, and compression parameters as in the strongly convex case, but the conclusions are stated in terms of
stationarity rather than proximity to a unique minimizer [61].

Overall, the convergence and stability analysis reveals a parameter region where swarm-assisted distributed
gradient methods with compressed communication achieve linear convergence up to a noise floor in strongly convex
scenarios and sublinear convergence toward stationary points in nonconvex scenarios. The size of the noise floor
and the constants governing the sublinear rates scale with compression severity and swarm gains, illustrating a
tradeoff between communication efficiency and asymptotic accuracy.

6 Scalability, Robustness, and Implementation Aspects

Scalability of swarm-assisted distributed gradient methods with compressed communication is influenced by several
factors: the number of agents, the dimension of the model, the sparsity and spectral properties of the network,
and the complexity of local computations. Linear algebraic modeling provides a way to quantify these effects in
terms of how various norms and spectral radii behave as the system size grows [62]. One basic observation is
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that the cost of each iteration per agent can be separated into gradient computation, local state updates, and
communication. Gradient computations scale primarily with the model dimension and the local data size, while
state updates involve matrix-vector operations that are relatively inexpensive compared to gradient evaluations.
Communication cost depends on the dimension of the transmitted compressed vectors and the structure of the
compression scheme [63].

Consider an aggressive sparsification scheme where each agent transmits only a fixed fraction of the coordinates
of a vector at each iteration. Under uniform random selection of coordinates and error feedback, the expected
squared norm of the compression error is bounded in terms of the squared norm of the underlying vector with a
factor proportional to the inverse of the transmitted fraction. This implies that, as the dimension d grows, the
variance of the error per coordinate can remain controlled even when the number of communicated coordinates
per iteration does not scale linearly with d [64]. In contrast, quantization schemes that allocate a fixed number of
bits per coordinate may require more bits to maintain the same level of distortion as the dimension grows if the
dynamic range of the coordinates increases with d.

From a network perspective, the spectral gap of the mixing matrix, defined as 1 — p, plays a central role in
determining how quickly consensus is achieved across agents. In large-scale systems with sparse connectivity, the
spectral gap often shrinks with the number of agents, which slows down the decay of disagreement components
[65]. Swarm feedback can partially mitigate this effect by introducing additional coupling through neighborhood
and personal best references. However, excessive swarm gains may amplify the impact of gradient and compression
noise, leading to oscillatory behavior or divergence in the presence of delays or packet losses. Thus, parameter
selection must account for the interplay between network sparsity, swarm gains, and compression accuracy.

Robustness considerations include sensitivity to asynchrony, delayed communication, link failures, and het-
erogeneity in local objective functions [66]. Asynchrony and delays can be modeled by introducing time-varying
effective mixing matrices and by replacing current variables in update rules with stale versions. Under bounded
delays and sufficiently small step sizes, one can often extend the stability analysis by viewing delayed terms as
perturbations and by ensuring that the cumulative effect of these perturbations remains bounded. The presence
of swarm feedback adds additional time scales to the dynamics because personal and neighborhood best references
may be updated less frequently than the primary model variables, especially when based on event-triggered criteria
[3]. This introduces a separation between fast gradient-consensus dynamics and slower swarm adaptation, which
can improve robustness to noise but complicates theoretical analysis.

Heterogeneity in local objectives arises when the minimizers of the functions f; do not coincide. In such cases, the
global objective minimum balances the preferences of different agents, and consensus on a single parameter vector
may not align with the local minima of all f; [67]. Swarm feedback based on local performance can accentuate this
tension, as personal best references may cluster around different local minima. Under compressed communication,
the effective neighborhood best estimates become noisy versions of these clusters. The resulting dynamics may
converge to compromise solutions that reflect both global objective structure and swarm interactions [68]. Linear
modeling of the disagreement dynamics, augmented with terms capturing heterogeneity, can help quantify how far
the consensus solution deviates from any single local minimizer.

Implementation aspects include the choice of compression operators, the design of error feedback mechanisms,
and the scheduling of swarm updates. Practical compressors often rely on simple rounding, random sparsification,
or low-rank projections that can be implemented efficiently on hardware. Error feedback requires maintaining
additional memory per agent but can substantially reduce the long-term bias introduced by compression [69]. Swarm
updates, such as evaluating whether to update personal best references, can be performed less frequently than
gradient steps to save computation and communication. For example, agents may update p¥ only when a substantial
objective decrease is observed locally, as measured by a relative threshold, and may broadcast compressed updates
of p¥ only every few iterations.

In high-dimensional models, one may also consider structured parameter partitions, where different subsets
of coordinates are associated with different communication and swarm policies [70]. For instance, coordinates
corresponding to early layers of a neural network may be updated with less frequent communication and weaker
swarm gains, while coordinates corresponding to final layers are updated more aggressively. From a linear modeling
standpoint, this corresponds to partitioning the state vector and assigning different step sizes, gains, and compres-
sion parameters to different blocks. Stability analysis can then be carried out block-wise, taking into account the
coupling between blocks induced by the loss function and network topology [71].

Finally, the scalability of the approach in multi-hop and hierarchical network structures can be addressed by
viewing intermediate aggregation nodes as agents with their own local states and swarm variables. Aggregation
nodes may perform compressed fusion of messages from subgroups of agents, apply local swarm feedback based
on partial information, and forward summaries upward in the hierarchy. The resulting multi-layer system can still
be described within the same linear-nonlinear framework, with an enlarged state vector and appropriately defined
mixing matrices at each level [72]. While this increases modeling complexity, it maintains the conceptual structure
of stacked linear dynamics perturbed by gradient, swarm, and compression-related nonlinearities and noise.

11



7 Conclusion

Swarm-assisted distributed gradient methods with compressed communication provide a flexible framework for
large-scale learning over networks in which agents interact through limited-bandwidth links and maintain local
state variables subject to both gradient and swarm influences. Modeling these methods within a unified linear-
algebraic and dynamical-systems perspective clarifies how objective regularity, network topology, swarm gains, and
compression operators combine to shape the behavior of the overall system. The analysis indicates that, under
suitable smoothness and connectivity assumptions and for appropriate choices of step sizes and gains, such methods
can converge to neighborhoods of stationary points, with error levels determined by the magnitude of gradient and
compression noise and by the aggressiveness of swarm feedback [73].

The introduction of swarm-inspired mechanisms enriches the interaction structure beyond standard consensus-
based distributed gradient schemes. Personal and neighborhood references create additional coupling channels that
can influence convergence speed and robustness, particularly in heterogeneous environments where local objective
functions differ. At the same time, compressed communication modifies both consensus and swarm channels by
injecting structured stochastic distortions that scale with compression severity [74]. Error feedback and related
techniques can help control the long-term influence of these distortions, at the expense of additional local memory
and computation.

From a practical standpoint, the framework accommodates a wide variety of algorithmic design choices, including
different compressor types, error feedback strategies, and swarm update rules. Linearized error models centered
around equilibrium points, combined with global descent inequalities for nonconvex objectives, offer quantitative
guidance on parameter selection and on the tradeoffs between communication cost, convergence speed, and accuracy
[75]. Network spectral properties play a central role, indicating that the benefits of more aggressive compression or
stronger swarm coupling depend on the underlying connectivity and on how quickly disagreement can be reduced.

The analysis presented here also highlights several directions for further investigation. These include more
detailed treatment of asynchrony and delays in swarm-assisted compressed communication, deeper characterization
of behavior in highly nonconvex and nonsmooth objectives, and systematic exploration of structured parameter
partitioning and hierarchical architectures. While the linear models and bounds do not capture all intricacies of
finite-time and finite-precision behavior, they provide a useful basis for understanding and tuning swarm-assisted
distributed gradient methods in large-scale networked learning scenarios [76].
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